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INTRoDuCToRy NoTeS
The studies of stability of a competitive equilibrium 

have a long-lasting history. An outstanding contribution to 
the problem was made by Herbert Scarf (Scarf, 1960). His 
famous counter-example demonstrating the possibility of 
global instability of the competitive equilibrium was initially 
formulated for the case of three economic agents and the 
Walrasian price adjustment mechanism (the tatonnement 
process). Recently Minagawa (2008) extended Scarf ’s treat-
ment to a multi-dimensional case and a more general class 
of utility functions, however retaining an assumption on 
the Walrasian price dynamics. Kumar and Shubik (2004) 
develop ed Scarf ’s model in another direction and general-
ized the Walrasian price adjustment mechanism to the pro-
portional-integral-derivative (PID) mechanism, however re-
stricting their consideration to a three-dimensional case and 
numeric simulations only. In the current paper a synthesis 
of these two recent developments (Minagawa, 2008; Kumar, 
Shubik, 2004) is performed, and the stability of an N-dimen-
sional Scarf ’s model with the PID price adjustment mecha-
nism is studied. The consideration is essentially based on a 
previous work by the author (Kovalevsky, 2010) in which an 
important particular case of the PID mechanism, namely the 
proportional-integral (PI) mechanism, was treated in detail.

N-DIMeNSIoNAL SCARF’S MoDeL. 
PRICe ADJuSTMeNT MeCHANISMS. equILIBRIA
Consider an exchange economy with N agents and N 

goods (N ≥ 3). The agents and goods are enumerated by a 
subscript k = 1, …, N with an additional convention of cycli-
cal closure (i. e. k = N + 1 is identical to k = 1, and k = 0 is 
identical to k = N). The agent k is assumed to be interested 
in goods k and k + 1 only, with the corresponding utility 
function

    1 1 1( ,..., , ,..., ) min( , ),k k k N k kU x x x x x x+ +=
      

(1)
where xk is the amount of good k. The agent k is endowed by 
one unit of good k and by no other goods.

Let Pk (t) be the price of good k. The Scarf ’s formula 
for the excess demand Ek (Scarf, 1960) then takes the form
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(2)

(the dependence on time is omitted for brevity).
The Walrasian price adjustment mechanism (the clas-

sical tatonnement process) considered in (Scarf, 1960) is de-
scribed by a dynamic system

       0 ,k=P E
  

(3)

where a dot above a variable denotes the time derivative, k0 
is a parameter determining the sensitivity of the market to 
changes in supply and demand, and N – dimensional vec-
tors of prices and excess demands are introduced:

     
T T

1 1( ,..., ) , ( ( ),..., ( )) ,N NP P E E= =P E P P     (4)
(the superscript T denotes the transposition).

Kumar and Shubik (2004) proposed to generalize the 
Walrasian price adjustment mechanism to the PID form (the 
abbreviation is borrowed from the optimal control theory):

         0 1 2 ,k k k= + +  P E E E   (5)
where additional parameters k1 and k2 are introduced. In a 
particular case k2 = 0 Eq. (5) takes the form

  0 1k k= + P E E   (6)
and is called the PI price adjustment mechanism. This case 
was considered in detail in (Kovalevsky, 2010), and it was 
shown that the N-dimensional Scarf ’s economy, being global-
ly unstable under the Walrasian price adjustment mechanism 
(Eq. (3)), becomes stable under the PI mechanism (Eq. (6)).

For all three price adjustment mechanisms consid-
ered above (Eqs. (4) – (6)) an equilibrium price vector P* 
satisfies an equation E = 0. Then it immediately follows from 
Eq. (2) that

  1 1* * .k kP P− +=
  

(7)

This means that in case of an odd number of goods all 
equilibrium prices are equal:

        
* * * *

1 2 ... : ,N CP P P P= = = =   (8)
while in case of an even number of goods, all goods with 
even subscripts have the same price, and, analogously, the 
prices of goods with odd subscripts are also equal:

* * * *
1 3 1... : ,N AP P P P−= = = = * * * *

2 4 ... : .N BP P P P= = = =  (9)

STABILITy oF LINeARIzeD SySTeM
The stability of equilibria found in Sec. 2 in case of the 

PID price adjustment mechanism presented by Eq. (5) will 
be examined in linear approximation. Let p denote a small 
deviation from the equilibrium price vector: p = P – P*. Af-
ter introducing the Jacobi matrix

* *

ˆ , k
km
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P         

(10)

Eq. (5) can be approximated by a linear dynamic system

         
 0 1 2

ˆ ( ),k k k    p D p p p  (11)

where the terms of the order 
2( )p have been neglected. 

Seeking a solution of Eq. (11) in the form

     0( ) ,tt eλ=p p
  

(12)
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we find that the exponent must satisfy an equation

          ˆ ˆdet( ( ) ) 0,g   D I  (13)

where  ̂I is a unit matrix, and a quadratic trinomial g(λ) is 
introduced by the formula

         
2

2 1 0( ) .g k k kλ = λ + λ +
  

(14)

In case of odd N the matrix  D̂  appearing in Eq. (10) 
is a circulant of the form

         

 0 0 0 ... 0
0 0 ... 0 0

ˆ ,0 0 ... 0 0
...

0 0 0 ... 0
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c c

c c
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(15)

where

        
*

1 .
4 C

c
P

=

  

(16)

To solve Eq. (13) in this case, a theorem on eigenval-
ues of circulants can be applied. Some algebra analogous to 
calculations in (Kovalevsky, 2010, Appendix 1) leads to a 
quadratic equation for the exponent of the form

     

2 ( 1)2 sin ( ),k k
kic g
N

π −λ = − λ
 
k = 1, …, N.

       
(17)

Analogously, for even N the matrix  D̂  takes the form

 0 0 0 0 ... 0
0 0 0 ... 0 0

0 0 0 ... 0 0ˆ ,
0 0 0 ... 0 0

...
0 0 0 0 ... 0

a a
b b
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b b

b b
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(18)

where
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* * 2 ,
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(19)

Calculations analogous to those provided in (Kova-
levsky, 2010, Appendix 2) yield in this case a quadratic equa-
tion

2 ( 1)2 sin ( ),k k
ki ab g
N

π −λ = − λ
 
k = 1, ..., N.

 
(20)

It is a straightforward exercise in algebra of complex 
numbers to show that in case when all three parameters of 
the PID controller in Eq. (5), i. e. k0, k1 and k2, are positive, 
the roots of Eqs. (17) and (20) have negative (in exceptional 
cases – zero) real components.

It follows from this fact that unlike the Walrasian 
price adjustment mechanism, the PID mechanism ensures 
the convergence of linearized Scarf ’s model to equilibrium 
for any number of agents N ≥ 3.                   
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Оценка экономической эффективности (ЭЭ) 
информационной системы (ИС) – многошаго-
вый процесс, предполагающий использование 

комплекса моделей на различных уровнях абстракции 
и этапах жизненного цикла. Необходимость использо-
вания системного подхода вытекает, в первую очередь, 
из определения ИС, принятого в литературе: «Инфор-

мационная система представляет собой совокупность 
организационных, технических, программных и инфор-
мационных средств, объединенных в единую систему 
с целью сбора, хранения, обработки и выдачи необхо-
димой информации, предназначенной для выполнения 
функций управления» [1]. 

Так как ИС не принимает непосредственного уча-
стия в выпуске товарной продукции, оценить ее эффек-
тивность можно, только проанализировав работу всех 
систем предприятия во взаимосвязи. 

Системному анализу посвящено достаточно боль-
шое количество публикаций практически во всех пред-
метных областях: технике, экономике, биологии, линг-
вистике и других.
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